Abstract. Let £ be an elliptic curve defined over an algebraic number field K and assume that some Weierstrass equation for E over K is given. Then an algorithm is described which yields a global minimal Weierstrass equation for E over K provided such a global minimal Weierstrass equation does exist.
1. General Remarks. Tate's algorithm in [2] , which is actually intended to give the conductor and Kodaira reduction type of an elliptic curve EK defined over K, where K is an algebraic number field, can be used to calculate a minimal (with respect to some discrete valuation of K) Weierstrass equation for EK, once some Weierstrass equation for EK is given. In the following we describe an algorithm which does the same. It is quite easy to write a computer program for the present algorithm, whereas Tate's algorithm needs greater effort and requires iteration. Moreover, the present algorithm may be useful in conjunction with Tate's algorithm for calculating the conductor, because implementing Tate's algorithm on a computer is much easier if one knows ahead of time that the Weierstrass equation for EK is minimal.
In the following let K be an algebraic number field of degree n, let 0 = 0^ be the ring of integers of K, and let {«,,..., «"} be any integral basis for 0. Let E = EK be an elliptic curve defined over K. We assume that E admits a global minimal Weierstrass equation over K; this is always the case for example if the class number of K is prime to 6. Details on elliptic curves may be found in [1] ; we recall here only the following facts.
Let y2 + axxy + a3y = x3 + a2x2 + a4x + a6 be any Weierstrass equation for E over K. Then y'2 + a\x'y' + a'3y' = x'3 + a'2x'2 + a'4x' + a'6 is also a Weierstrass equation for E over K if and only if there is transformation of type x = «V + r, y = u3y' + u2sx' + t, with r, s, t E K and u E K*.\n this case the coefficients of the two equations and their quantities c4, c6, A and c'4, c'6, A', respectively, are related by the following formulas: ua\ = ax + 2s, u2a'2 = a2 -sax + 3r -s2,
Received March 1, 1980; revised February 27, 1981 revised February 27, . 1980 Mathematics Subject Classification. Primary 14K07. u3a3 = a3 + rax + 2t, u4a'4 = a4 -sa3 + 2ra2 -(t + rs)ax + 3r2 -2st, u6a'6 = a6 + ra4 + r2a2 + r3 -ta3 -rtax -t2, u\'i. = cA u6c'6 = C6>
»12A' = A.
The coefficients ax,a2, a3 of any integral Weierstrass equation for E over K satisfy the following congruences in terms of the quantities c4 and c6:
ax s c4 mod 8, a\ = -a\ -c6 mod 3, Let 91L be the set of all global minimal equations of restricted type for E over K. Then 91L ^ 0, and we have an action of 0 * on 911, where 0 * denotes the group of units in 0. Indeed, take any global minimal equation for E over K and make a transformation with u = 1 and suitable choice of r, s, t E 0, successively; this yields 911 ¥= 0. The action of 0* is defined as follows. For u E 6* and an equation y2 + o,.xy + a3y = x3 + a2x2 + a4x + a6 in 9lt we define an equation y2 + a'xxy + a'3y = x3 + a'2x2 + a'4x + a'6 in the following way: Let a'v a3 e 2 «¡H | a, = 0 or 1 |, a2 G j 2 ",«, | a, = -1, 0 or 1 be such that uax = a'x + 2j, w2a2 = a'2 -sa'x + 3r -s2, u3a3 = a'3 + ra\ + 2t, with s, r, t E 0. Finally define a'4 and a¿ by the equations a'4 = u4a4 + JÛ3 -2/-Ö2 + {t + ri)a', -3r2 + 2íí, aé = u6a6 -ra'4 -r2a'2 -r3 + ta3 + rta\ + t2.
Then j>2 + a'xxy + a'3y = x3 + a'2x2 + a'4x + a'6 is an equation in cD\l and moreover, an action of 0 * on <D1t is defined in this way. If K = Q, then 91L contains exactly one element. It follows from the action of 0 * on 9H that if x, y E 0 are the quantities c4, c6, respectively, of an equation in (Dlt, then the same holds for u*x, u*y, where u E 0 * is arbitrary. Now let (*) y2 + axxy + a3y = x3 + a2x2 + a4x + a, 6 be any given Weierstrass equation for E over K with a, E 0 and with discriminant A. In the second chapter we describe an algorithm which leads from equation (*) to a global minimal equation of restricted type for E. The correctness of the algorithm follows from well-known general principles and the facts mentioned above. In particular concerning step (2) of the algorithm it is sufficient to consider the numbers uefl up to associates. In the third section we describe an optimized algorithm for the case K = Q. This variation of the general algorithm was suggested by Joe Silverman, who saw a preprint of the original version of this paper. I am grateful to Silverman for his careful reading of the original version and for his suggested modifications.
2. The Algorithm. x -1 a3 = a'2 H-gmod 2. ö (5) Solve the following equations for a'4 and a'6 successively: xu = (a'2 + 4a'2)2 -24(a\a'3 + 2a'4), yu = -(a? + 4a'2f + 36(a'2 + 4a'2)(a\a'3 + 2a'4) -2l6(a'2 + 4a'6).
If a'4 or a'6 is not in 0, then continue with (8); otherwise continue with (6). (We have xu = c4 and yu = c'6, where c'4 and c'6 come from the integral Weierstrass equation, denoted by iua, a,a-, given by the coefficients a\, a'2, a3, a4, a'6. Tu<a,ĥ as discriminant m_12A. We test now whether Tua,a,a, is an equation for E.) (6) Solve the following equations for s, r, t successively: ua\ = ax + 2s, u2a'2 = a2 -sax + 3r -s2, u3a'3 = a3 + rax + 2t.
If the values for s, r, t are not in 0, then continue with (8); otherwise continue as follows.
